STRATIFYING g-SCHUR ALGEBRAS OF TYPE D 



JIE DU AND LEONARD SCOTT 

Abstract. Two families of q-Schur algebras associated to Hecke 
algebras of type D are introduced, and related to a family used 
by Geek, Gruber and Hiss fuj, pj. We prove that the algebras 
in one family, called the q-Schur^ algebras, are integrally free, 
stable under base change, and are standardly stratified if the base 
field has odd characteristic. In the so-called linear prime case of 
|10[|)[pT[, all three families give rise to Morita equivalent algebras. 
A final section discusses a different example, and speculates on the 
direction of a general theory. 



Following up our recent work || for type B (and C), we introduce 
here some endomorphism algebras of type D. These are of possible use 
in determining irreducible representations of finite groups of Lie type 
D, especially in non-defining characteristics, as in the work of Geck- 
Hiss [|l(J and Gruber-Hiss [|ll|] following the spirit of Dipper- James' 



work in type A. (See Remark [2.11| below for further discussion. 



We organize the paper as follows: Section 1 sets up preparation on 
Weyl groups of classical types and distinguished coset representatives, 
especially those with the trivial intersection property The various 
g-Schur algebras are introduced in Section 2 and connections between 
them are also discussed. The linear prime Morita equivalence theorems 
are proved in Section 3. In Sections 4, 5 and 6, we establish further 
results on g-permutation and twisted g-permutation modules of type B. 
These results are supplementary to those given in || . In particular, we 
prove, in the type B setting, the homological property required (see [0]) 
in stratifying an endomorphism algebra for type D. The main results 
are given in Section 7, where the quasi-heredity in the odd degree 
case is proved for one of our algebras, called the g-Schur L5 algebra. A 
standard stratification in the even degree case is constructed for the 
same algebra when 2 is invertible in the base ring. Section 8 gives an 
effective approach to the bad prime case p = 2, and concludes with 
speculations regarding a general theory. 
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A preliminary version of the work was posted at the Newton Institute 
workshop, June 1997, for the program on the representation theory of 
algebraic and related finite groups. 

1. Weyl groups of classical types 

Notation. Consider the following Coxeter systems: 

(W r , S) the Weyl group of type B r with S ={s , Si, ■ ■ ■ , s r _i} 
(W r , S) the Weyl group of type D r with S ={u, Si, • • • , s r -i} 
(W r , S) the Weyl group of type A r _\ with S = {si, ■ ■ • , s r _i} 

We often drop the subscript r and will choose u = SoSiSo G W in the 
sequel. Then W C W C W . Let t\ = sq, U = Sj_it.j_is.j_i, Uj = t±ti 
for 2 < % < r, and let C = (ti, • • • ,t r ) and C* = (u 2 , ■ ■ ■ ,u r ). Then, 
we have W = C x W and W — C x Moreover, we may identify 
with the symmetric group & r on r letters. 

Let £ (resp. £) be the length function on W (resp. W) with respect 
to S (resp. 5) and no the function giving the number of so in a reduced 
expression of an element of W (see 0, §2.1]). It is well-known that W 
identifies with a subgroup of the symmetric group & 2r (see, e.g., |9|, 
(2.1W3)]). In this identification, the restriction to W of the signature 
function on & 2r induces the group homomorphism p : W — >• {1, — 1} 
defined by po(w) = (— 1)"°™ for all io G W. The kernel of po, ker(p ), 
is the intersection of W with the alternating group 2l 2r . Clearly, the 
subgroup ker(p ) is generated by the set {s sis , si, • • • , s r _i}, and is 
isomorphic to the Weyl group W of type D r by the map sending u 
to so^iSo and Sj to Sj. This agrees with our identification above of W 
with a subgroup of W. For convenience, we call C = (u 2 , ■ ■ ■ ,u r ) the 
bottom part of W , where Uj = titj for 2 < z < r. Note that the subgroup 
generated by s 2 , ■ • • , s r _i and (7 is the Weyl group of type -B r _i. Let 
/ be the automorphism of W induced by flipping the Coxeter graph. 
Then, / on W is now the restriction to W of the inner automorphism 
9 l— > Sogso of W 7 . Note that / fixes each element of C, and interchanges 
the two parabolic copies of & r . 

Fix positive integers n,r, and let A(n, r) (resp. A + (n, r)) be the set 
of compositions (resp. partitions) of r with n parts (counting zeros in 
both cases). Thus, A + (r) = A + (r, r) is the set of partitions of r. Let 

n 2 = n 2 (n,r) = U ri+r2=r A(n r ,ri) x A(n,r 2 ), 

where n r is the maximum of n and r. The elements A in U 2 will be 
written in the sequel as A = (A*- 1 - 1 , A^ 2 -*), and will be called bicomposi- 
tions of r. Let ILj" be the subset consisting of all (A^, A^ 2 ^) G U 2 such 
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that both A^ and A*- 2 ) are partitions. The elements in II^ are called 
bipartitions. Put il + (r) = U + (r,r). We define 

n 1 = n 1 (n,r) = {AGn 2 | |a^| = o} 

n ]B = n te (n,r) = {AGn 2 ||A (1) | = 0} ) 

where |A^| denotes the sum of the parts of A^. Each A G II2 gives 
naturally a composition A G A(n r + n,r) by juxtaposition. For a bi- 
composition A = (A^, A( 2 )) G n 2 with | A (1) | = a, let C x = (t u ■ ■ ■ ,t a ), 
let &x the Young subgroup defined by A, and define 

W x = Cx&x, W x = W x n W and W x = &x- 
In the spirit of 0, we shall call these subgroups quasi-parabolic sub- 
groups. Note that W\ = W\ if a < 1, and W\ = (u 2 , ■ ■ ■ ,u a )Wx if 
a > 2. Note also that Wx is generated by a unique subset J(A) of 
S = S U {ti, ■ ■ ■ , t r }, and hence, J defines a map from U n > n 2 (n, r) to 
the power set P(S) of S. 

For Wx, the notion of 'distinguished' coset representative^] was intro- 
duced in m §2] . Following |§ , T>x denotes the set of distinguished right 
WVcoset representatives, and T>x^ = VxCiV' 1 the set of distinguished 
double Wx-W^-coset representatives. Let W x be the minimal parabolic 
subgroup containing W\. (Thus, A = (|A (1) |, A (2) ).) Then, for d G V x<fl , 
we may write d = udv, where d G W^dW^ is distinguished (for para- 
bolic subgroups), u G W x and v G V W d nWfi H Wfr. This is called the 

Howlett right distinguished decomposition of d (see [§, 2.3]). Putting 
T>x = T>x fl W and = T>a,^ H W^, we obtain distinguished WVcoset 
and double WVWVcoset representatives. Let 

be the set of double coset representatives in T>\ ifJj with the trivial inter- 
section property. For non-negative integer a, let u a denote the biparti- 
tion (l a , l r " a ). Then u a = (a, l r " a ) and W a = Wa a . 

Lemma 1.1. Let a,b be non-negative integers. 

(a) The set zs empty unless a + b < r. 

(b) For x G W( a ,r-a), 2/ e W(6,r-6), we nave d G £>° a Wfc i/ and onZy if 

(c) For d G W, d G 2? Wa if and only ifno(xd) = tiq{x) + n (d) for all 
x G C^ a , and d G Z>° w i/ and on/y if n Q (xdy) = n Q (x) +n (d) +no(y) 
/or a// x G C aJa and y G 

1 A distinguished coset representative d is the unique element of minimal length 
in dW\ or W\d. It is not necessarily minimal with respect to the Bruhat order if 
Wx is not parabolic. See or for more details. 
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(d) For every choice Ej G {0, 1} with 1 < j <i, we have 
+ £ i ... f £ i T)° C V° 

Proof. The statement (a) is obvious, and (b) follows from || (2.2.7)] 
and the fact that C* a n = {1} if and only if C** n = {1} for 
all x G Wt a>r - a ), y G W^6 )r _6). We now prove (c). Write d = wd' with 
w G W a and <f G P& a . Then d G P Wa if and only if w G W a , which is 
equivalent to n (xd) = n (x) + n (d) for all x G C Wo , proving the first 
part. Now, let d = udv be the Howlett decomposition of d, where d is 
the distinguished double coset representative in W a dWb (for parabolic 
subgroups), u G W a and v G Wb- Then, by (b), d G w 6 iff w G Wo 
and f G Wb (or d G 'D Wa ^) an d ^ G 22° w . The latter is equivalent 
to So G" W 7 ^ fl W&, which means no cancellation for so when writing the 
products xdy (x G W a and y G Wb) in reduced form. (When s is in the 
intersection, we have Sod = dso, and cancellation could occur.) From 
this together with the first part of (c), we obtain that d G T>° a w iff 
no(xdy) = uq{x) + no(d) + no(y) for all £ G C Wo and y G C Wb , proving 
(c). To prove (d), let w G T% a+ii/in> . Putting t = • ■ ■ we have, 
for x G C LUa and y G C^, n (xtwy) = no(xt)+no(w)+n (y) by (c) since 
w G V Wa+hWh , But n (xt) = n (x) + n (t), and n (t) + n (w) = n (tw). 
Therefore, n (xtwy) = n (x)+n (tw)+n (y) and therefore, tw G 
by (c) again. □ 



Corollary 1.2. Let a > 1, and assume that d G T>^ a . Then 
{d } t a d } s a d } s a t a d} C Vl a _ 1>UJb . 

If, in addition, d 4. TJ°, ,, U t a+ iV°, ,, , then every element in 

{d,t a d,s a d,s a t a d} is not in U ei=0 ,i^ 1 C+i I> 2 tt +i,<«v In other wor ds, if 
we put U = V°. , , , . U t a+ iV°, , , , , , we have 

{i,t a ,s a7 s a t a }(v° w \u) n (u^^J = 0- 

Proof. The inclusion can be proved by using Lemma |l.l| c and the dis- 
jointness follows easily from the facts C^ a+l fl C Ub ^ {1} and 

u = {xev° |C* nCL = i}. 

(If x is in the right hand side, then we may write x = tx' where t G 
Cu a+1 and x' G P^+i- This is just a right coset decomposition. Next, 
an argument using Lemma Li e shows that x' G T>~ 1 . That is, x' G 



Vua+uub, and even x' G £>2 0+lAV Finally, x G P Ua forces t = t a+1 or 
1.) ' □ 
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2. g-SCHUR ALGEBRAS OF CLASSICAL TYPES 

We start with the definition of the g-Schur algebra of type B, that 
is, the g-Schur 2 algebra. 

Let Z = Z[q, q , g^ 1 ] be the ring of Laurent polynomials in two 
variables, and let TC = TL q0yq be the (two-parameter generic) Hecke 
algebra over Z$ associated to W with defining basis {T w } w( zw The 
subalgebra TC generated by T Si , 1 < i < r — 1, is the Hecke algebra 
associated to W . We denote by TC 1 = TC'„ = TCz> etc. the Hecke 
algebras obtained by changing base to a commutative i^-algebra Z' . 
Also, for any subset X of W, we denote by TC'(X) the Z'-submodule 
generated by all T w , w G X. 

Define 7Tq — 7Iq~ = 1, and for a > 1, let 

a a 

*a = nor 1 + t U ), 7T- = n(?o? i_i - ro. 

i=l i=l 

Note that there is a Z[g, g _1 ]-algebra automorphism on TC': 

T] :TC' -> W'; g i-> <?o~\^o h-> -q^T^ and T Si ^ T Si , Vi > 1. 

Then, "g(vr a ) = q^ir^ for each a > 0. 

The g-permutation 7i'-modules associated to W\, A G n 2 , are defined 
as cyclic 7i'-modules x\TC' and Ti!x\ with generators 

= ^a^A, where a = \\^\ and xa = T w 

Definition 2.1. (0) The endomorphism algebra 

Sg(n,r;Z') = End H '{®xen 2 x xH') 
is called the g-Schur 2 algebra of degree (n, r). 

Remark 2.2. (a) A Morita equivalent version of the g-Schur 2 algebra, 
called the (Q, g)-Schur algebra, was also introduced by Dipper- James- 
Mathas in [[§. 

(b) Replacing U2 by Hi in the definition above, we see from |9|, 
(6.3.1)] that the centralizer subalgebra Sg(n r ,r; Z') of the g-Schur 2 al- 
gebra defined by using Hi is isomorphic to (and hence, will be identified 
with) the usual g-Schur algebra S g (n r , r; Z'). (Recall n r = max(n, r).) 
This algebra was used by Dipper and James to parametrize the irre- 
ducible modular characters of finite GL n in the non-defining charac- 
teristic case, while the one defined by using was considered in the 
work of Geck-Hiss and Gruber-Hiss on finite orthogonal and symplectic 
groups. We call this latter algebra here the g-Schur 113 algebra. Note 
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that its identity is an idempotent in the g-Schur 2 algebra. We agree 
to not insist on the same identity element when using the terminology 
'centralizer subalgebra'. Also, we shall write B < A if B is a central- 
izer subalgebra of A. That is, B = eAe where e is an idempotent in 
A. Recall from |9|, (6.3.2)] that, if B < A where A is an O-free algebra 
for a regular ring O, then the decomposition matrix of B is part of the 
decomposition matrix of A. 

(c) Using the twisted permutation module y\H', where 



, with (-?r* H ^ 



'[A«[* 

w£W\ 

we may define another endomorphism algebra <S 2 (n, r; Z'). It is known 
(n, r; Z') is isomorphic to <Sg{n, r; Z') as ^'-algebras. 

Theorem 2.3. (^) The q-Schur 2 algebra iS 2 (n, r; Z') is (integrally) 
quasi-hereditary. 

In the so-called linear prime case (a fairly strong restriction), the 
following result was first obtained by Gruber and Hiss [|ll]] in the case 
n = r. It follows from (2J3) and || (6.3.2)] in general. 



Corollary 2.4. The decomposition matrix for the q-Schur^ algebra 
contains an m x m upper unitriangular block, where m is the number 
of non-isomorphic irreducible modular representations . 

In the linear prime case studied in [|10|] and the decomposition 



matrix is square. That is, m is the same as the number of ordinary 
irreducible representations (the number of bipartitions). The validity 
of the conjecture [K], 3.4] would imply this is true for all odd primes.0 

We now turn to defining the g-Schur 15 , g-Schur 25 and g-Schur to 
algebras associated to the Hecke algebra of type D. 

Let H be the (generic) Hecke algebra over Z = Z[q, q^ 1 } associated 
to the Weyl group W, and let H' = H ®z Z' for any commutative 
Z-algebra Z' . We define (compare [|T5|]) 

(4 

7^0 = 77! = 1, 7r a = II^ 1 + T ui), 2 < a < r, 

i=2 

and put x\ = TT a x\, where a = |A^|. Then the 7i'-modules x\H' and 
1hi'x\ are called the q-permutation modules associated to the subgroup 
W x . 



2 In the context of pO], pi}], q is a power of a rational integer prime, which is 
reduced modulo a different prime when discussing decomposition numbers. 



g-SCHUR ALGEBRAS OF TYPE D 



7 



For A G rife (i-e. |A^| = 0), f(W\) is a parabolic subgroup, and is 
different from W\ (not even conjugate to it) if s\ G W\. We define the 
notation /(A) by W f{x) = W/(J(A)) = f{W x ) and put 

n 2 . 5 = n 2 . 5 (n, r) = n 2 (n, r) U /Il^n, r) 

n L5 = n L5 (n,r) = {A G n 2 (n,r) | |A«| > |A( 2 )|}. 

Definition 2.5. For any positive integers n,r with r > 4, let 7J, = 
©Aen^A^' for K = 1.5,2.5. The endomorphism algebra 

is called the q-Schur K algebra of degree (n,r). By using the disjoint 
union Lite = n te U /(Lite), we similarly define 7j?. The corresponding 
centralizer subalgebra of the g-Schur 2,5 algebra, an analog for type D 
to the g-Schur te algebra for type B, is called a q-Schur^ algebra. When 
Z' = Z, we will denote S q (n,r; Z) simply by <S"(n, r). 

Remarks 2.6. (1) Using (|2.7| b) below, we see that the g-Schur to alge- 
bra is isomorphic to the endomorphism algebra 

End^, (© AgrijB x x Ti! \h<)- 

(2) The g-Schur algebra of type D defined in [[□], 7.2] uses only one 
parabolic copy of & r . In terms of our notation, it is (Morita equiva- 
lent to) the endomorphism algebra of the H'-module ©Aen^A^' (or 
Q)\efu m xxH'). We shall denote this algebra by Si (n,r;Z'). Clearly, 
S^' (n,r; Z') < S^(n,r; Z') and therefore, its decomposition matrix 
is determined by that of the g-Schur to algebra. Actually, Gruber and 
Hiss, later in their paper, appear to be implicitly using S^(r, r) rather 
than S^ 3 ' (r, r). See Remark pT8|(2) below. 

When the JE>o-algebra Z' has the property that go is specialized to 1, 
that is, Ti' = Ti' lq = Ti ®z Q Z' ', we have in Ti' lq 

T s 2 = 1 and T S0 T W = T SQW , \/w G W. 

In the rest of the section, we assume Ti' = Ti[ q . The first part of the 
following has been observed by Gruber-Hiss. 

Lemma 2.7. (a) The algebra Ti' is isomorphic to the subalgebra of 
Ti' = Ti[ generated byT s , s G S. So we identify Ti' with this subalgebra 
and obtain a graded Clifford system for Ti' over Ti' . 
(b) We have Ti! -module decompositions 

'x x H', */|A«|^0 
x x H'®T s J(x x )H', if\\W\ =0, 
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where f is the induced flipping automorphism on 7r defined by f(T w ) = 

Ti rri rri rri rri 

so-Lw-Lso = J-f(w) = I f(w)- 

(c) For any 1 < a < r, we have 

7l a = (1 + T S0 )lT a = TT a (l + T SQ ), ttJ = (1 - T SQ )fc a = 7T a (l - T so ). 

Thus, x x H' ^ XxfC = {l+T S0 )x x H', for any A G IT 2 with |A«| > 1. In 
particular, the permutation modules x\H! are Z'-free and pure in Ti,' . 

Proof. The statements (a) and (b) are clear, noting TC = TC' © T S0 TC'. 
The first assertion in (c) follows from induction and the relation 

(l + T S0 )(g- 1 +T ti ) = (g- 1 +T,J(l + T S0 ) = (l+T So )(g- 1 +T Ui ) Vz, 

noting Ui = s ti = tiS and T t . = T S0 T U . for all i > 2. For the second 
displayed equation in (c), use 

(1 - T S0 )(,r 1 - 2*) = (1 - TJOT 1 + TO.i > 2. 

The freeness follows from (b) and || (3.2.2a)], and the purity follows 
from the fact that x\Ti' = x\TL' is pure in TC = (1 + T So )TC © T So TC, 
and hence pure in (1 + T SQ )TC. □ 

Using the decomposition for a;>W above and noting S^(n, r;Z') < 
Sq(n r ,r; Z'), we obtain immediately the following. 

Corollary 2.8. Let Tj, = ®x e u 2 xxH'. Then Tj,^, = Tj; 5 . #ence, 
i/ie q-Schur 25 algebra is isomorphic to End^/(7j,) ; and we have 

(1) Sl{n,r;Z>) < S l q 5 (n,r; Z') < «Sf (n, r; 2') 

(2) 5j(n,r;Z') < <S g 2 (n, r; Z') C «Sf (n,r;Z') 

(3) Sf(n,r;Z')<Sf (n,r;Z'). 

In this paper, we will mainly investigate the structure of the q- 
Schur 1 - 5 algebras, though we keep the g-Schur 10 algebras in mind. See 
(TO), 0, (TO and OT). 

Specht modules S\k over the quotient field K of Z is a complete 
set of irreducible 7-^-modules. Thus, their restrictions to TCk are 7l^- 
modules. The following result is an easy consequence of Tits' defor- 
mation theory and standard facts about ordinary characters of Weyl 
groups of type D. 

Lemma 2.9. Let r be odd. Then the set {S\k | A G Uf 5 (r, r)} is a 
complete set of distinct irreducible TCx-modules. If r is even, then S\k, 
for a bipartition A = (a,j3) of r , is irreducible iff a ^ (3, and Si a , a )K 
has two (distinct) composition factors. Moreover, we have in general 
Sxk = S x . k on TC for \* = ((3, a). 
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Recall the automorphism 77 defined at the beginning of this section, 
and note that r)(T SQ ) = —T So . (Also, rj(T Ui ) = T Ui for all % > 2, and 
the automorhism rj fixes TH! .) Let S x be the module S x with 7i-action 
twisted by r/. We abbreviate below the induction functor Ind^, to f w . 

Lemma 2.10. (a) For any A G U+(r), let A* = (A (2) ,A (1) ). Then 
we have S XK = S x *k as Ti K -modules. Moreover, if \X^ l '\ > |A( 2 )| and 
Ia* I > I A* I; but not both equalities, then Hom-n k (x v x Hk, S^k) = 0; in 
particular, when r is odd, we always have Hom^ K (xlJiK, x^TCk) = 0. 

(b) If |A (1) | = 0, then x x H' | w '= x x W. 

(c) If 2 is invertible in Z' , then we have x\fi! \ n = x X H' © x^Ti' for 
any X G U 2 with |A (1) | > 1. 

Proof. By the discussion in || (5.1.2)], it suffices to look at the spe- 
cialization at qo = q = 1. In this case, the construction given at the 
beginning of || §5.1] gives the required isomorphism. Using this, the 
composition factors S v k appearing in x\71k — (xx'Hk)' 1 (the module 
x\Hk with action twisted by rf) have the property \v^ l >\ < \u^ 2 '\. So 
the last assertion in (a) follows. The statement (b) follows from the 
fact x\ = x\ = x\ in this case. Finally, since 2 is invertible, we have 
W = (1 + T S0 )H' © (1 - T SQ )W, and therefore, 

Xx H> ] n '= Xx ® H , (1 + T S0 )H' © x x ® w , (1 - TJH' x x H' © x\H . 

□ 

Remark 2.11. (1) Similar to (|2.2j c), we define for a bicomposition A 
y x = 7T| A (i)||/a- Then, we may establish a parallel theory as above with 
all x\ replaced by y x . In particular, the resulting g-Schur algebras are 
isomorphic copies of the original ones and all y x li! are pure in H'. 

(2) Let G denote the finite orthogonal group S0 2 n((?) of even de- 
gree and fix a splitting p-modular system {K, O, k}. Then Hz' (Z' G 
{K,0,k}) is isomorphic to the endomorphism algebra of the induced 
module Mz> of the trivial 5-module Z' ', where B is a fixed Borel sub- 
group. Then the purity of the submodules y x yio of the symmetric 
algebra 'Hq ° ver O gives rise to isomorphisms by PI Thml] 

S*(n,r; O) = End OG (© Aen . \fyxM ), for K = 1.5, 2.5, h. 

The arguments in [II], §4] shows that, for k — t>, the decomposition 
matrix of the OG- module ©Aen K \fy~\Mz 1 is part of the decomposition 
matrix of OG, and is even decisive in determining the unipotent part of 
the latter decomposition matrix in good cases. Probably the determina- 
tion of this decomposition matrix is about as hard as determining that 
of the larger algebra iS 2 ' 5 (n,r; Z f ), though not all irreducible modular 
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representations of the latter may be required in every case. At the same 
time, it may be hoped that the decomposition matrix for Sq' 5 (n, r; Z') 
will be helpful in determining decomposition numbers and modular ir- 
reducible representations of iS 2 ' 5 (n,r; Z'), since the two algebras have 
the same ordinary irreducible representations. This philosophy works 
well in at least two quite different cases, presented in section 3 below 
and in section 8. 

3. The linear prime case: Morita equivalence theorems 

In this section, we shall prove that, in the linear prime case (where 
much is already known, cf. [jT0|]), the g-Schur 2 and g-Schur te algebras 
are Morita equivalent. In the type D linear prime case, both the q- 
Schur 2,5 and g-Schur to algebras are Morita equivalent to the g-Schur 1,5 
algebra. 

We need some preparation at the group algebra level. For < a < r, 

let 

e a ^ a = 2- r (l + ti) ■ ■ • (1 + t )(l - Wi) • • • (1 - t r ) 

= 2- r (l + tO • • • (1 + £„H, r _ a (l - £i) ■ ■ ■ (1 - t r - a )w-*_ a , 

where w atb = s a • ■ ■ s x s a+1 • • • s 2 - ■ ■ Sa+ft-i ■ ■ ■ s b = ( ^ ;;; 6 + a a j 1 a | fe ) . 
Note that W^r-a^a^-a = w a ^_ a W( r _ a>a ). For a bicomposition A G 
n 2 (n, r), we shall consider a decomposition for the second part of A: 

A( 2 )=/5 + 7 = (/? 1 + 7l ,---,/3 n + 7n ) 

where (3 = {f3 u •••,/?„) G A(n, \(3\) and 7 = (71, ■■■ ,j n ) € A(n, hi). 
Associated to such a decomposition A^ = (3 + 7, we have two compo- 
sitions: 

(fill) = (A, 71, • • • , 7n), (ft 7) = (fil, ■ ■ ■ , Pn, 7l > • • • > 7n)- 

Write a = |A (1 )|, 6 = and c = h|, and let Wp € W^i^j— a ) = 
©{r-rj+i,... >r j be the (unique in W(ia^_ a ^) distinguished double coset 
representative^ for the subgroups Wi la and W^.^ of W^i^r- a) 
such that 

W {l a jX m) n^W'(i«,6, c )(^)~ 1 = W^(i-,(/3| 7 )), 

and 



3 See, for example, @, 3.4] for a construction of such a representative. 
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Lemma 3.1. Maintain the notation introduced above. Let R be a com- 
mutative ring containing 2~ 1 . Then, for any bicomposition A of r with 
|A«| = a, 

iaW = x x w®e a+bjC RW 

/3GA(n,6),7eA(n,c) 
/3+ 7 =A(2) 

where x A = E» e w A w and *a = E^ e iy A 



w 



Proof. Since 2 is invertible in R, we have all e a>r - a G i?C and i?C 
©a= ©»ew\iy (a , r _ a) flwe^-ait;- 1 . Thus, 

x x RW = Ind^Ind^f (Rx x )) 

/3+ 7 =A( 2 ) 



We certainly have 

Rx x w { ^e a+mi \{w^l)- 1 ® R w^ {1) (pm c RW = xxwf^Ea+^RW, 
proving the lemma. □ 



The type B case. Let TC = 7~C qo . q be the Hecke algebra of type B 
over Z defined in §2. Recall from [||, (3. 8), (4. 4)] the elements v a ^ = 
^aXw ab ^h and the polynomial 



r-l 



9r = 9r(qo,q)= JJ (qo + q*)- 
i=_( r _i) 

Let Zo,g r be the ring obtained by localizing Z at g r . Thus, g r is 
invertible in Z 0:9r . Let H 9r = H ® Za Zo,g r - Then, by 0, (3.27-8)], there 
are orthogonal idempotents {e a , r -a | < i < r} in 7i 9r such that 

V a ,r-aHg r = ^a,r-aHg r j and H(&(a : b))e a ^ = e a ^H (&(a,b) ) • 

Also, e ajr _ a specializes to e air _ a in QW. The following lemma gives a 
new basis for 7i gr . 

Lemma 3.2. T/ie set 

£ = {T x e a ,r_ a T y \ < a < r,x e V£ r _ a) ,y G W} 

forms a basis for 7i gr . 



Proof. Let H be the Zo iffr -submodule generated by the set B. Specializ- 
ing both q and q to 1, we obtain an algebra homomorphism Z 0t9r — > Q. 
Since H gr ®z 0g Q — QW and the image of the set B becomes the basis 

{{we a ^ a w- l )wy | < a < r,x G W/ W (a>r - a) , y G J¥}. 
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So B is linearly independent. To check that it spans H, 9r , it suffices 
to prove the corresponding spanning property over any field k which 
is a Z 0i9r -algebra. Let e a , r -a,k be the image of e a ,r-a in r H-g r ,k- Note 
that Hg r ,kea,r-a,kHg r ,k is spanned by T x e air - a , k T y (x G f>^ r _ a) ,y G 
W). So, if H gr>k = Y, r a =o'Kgr,kea,r-a,k'Hg r ,k = 'Hg r ^kH.g r ,k, where e k = 
Y7 a =o e a,r-a,k, then B k must span H grik . 

It remains to prove the equality / H 9r! k = 7~i gryk e k Ttg ryk . Suppose this 
is not the case. Then there is a maximal left ideal in 'Hg r , k such that 

7~tg r , k e k Hg r)k C /. 

Since the functor M \— > e k M defines an Morita equivalence from the 
category 7i gr fc -mod to the catgory e k H 9r)k e k -m.od 1 it must be that 
£k(7~ig r , k / 1) 7^ 0. However, on the other hand, 

ZkHg r ,k = ^k^ig r ,k^k}ig r ,k Q &kl Q ^k^g r ,k, 

which implies that e k {li. 9r ^/ 1) = 0, a contradiction. □ 
We now have the following. 

Lemma 3.3. Let A = (A«, A< 2 >) G n 2 (n, r) be a bicomposition with 
| A' 1 ) | = a. Then the set, denoted by B\, 

{x x T m e a+mi \T w | p G A(n,6),7 G A(n,c),/3+7 = \ {2 \w G P( A d) ,/?-)}, 

where P(a(i),/3, 7 ) t/ie set o/ distinguished right Wr X (i) ^ycoset repre- 
sentatives in W , forms a basis for x\H 9r . 

Proof. Write x x = x xW h Pn x' p ^ with x'^ = J2 we w (1 a my)) T ™ and h P,-y = 
T.dew [ia x(2)) nv^ ami)) T d- Since w® p is distinguished, we have x x T w m = 
h ^T w (2)X (X (i) A7) , and, for each d G W^p)) nP^^, T dTj2) = 
T d ^(2) and cfoygi, G ^(~ +bc )- Note also that the union of all (W^a^ca)) fl 

(j3\-y))^ w< p \ w ^h A^ = /3 + 7 is disjoint. Thus, for any field which 
is a Z 0j9r -algebra, the image of B x in x x TL 9r)k is linearly independent by 



(|3.2| ). Therefore, if M denotes the i? ,g r -submodule generated by the set 
B x , then the image M k of M in x x H 9rtk has dimension |W/Wa| by ( [3.1|) , 
which is equal to dimx x H, grk by ||, (3.2.2a)]. Therefore, M k = Tt 9rk 
for any field k which is a Z 0j9r -algebra. Consequently M = x x H 9r and 
hence B x forms a basis for x x TL 9r . □ 
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Corollary 3.4. For any A G n 2 (n,r) with {X^l = a, we have the 
following decomposition 

(3.4.1) 



b,c /3eA(n,&),7€A(n,c) 
f>+c=|A( 2 >| /3 +7 =A< 2 ) 

Moreover, we have a module isomorphism 

X \Mg r =0 X(\m,f3,y) e a+b,c'H' gr . 

b,c /3eA(n,b),7gA(n,c) 
fe+c=|A( 2 )| /3+ 7 =A( 2 ) 

Proof. The equality Q3.4.1 ) follows from Lemma |3.3| and base change. 
To prove the isomorphism, we use the notation introduced above to 
note that 

So we have an epimorphism from x {xm Al) e a+bfi H' gr to x x T W0ry e a+biC TL' gr , 
via left multiplication by hp tJ T (2) . By looking at the image of the 

W 0, -I _ 

"standard" basis {x (A ( 1)j/3)7) e a+6jC T M | w G £>(a(i),/3, 7 )} , we see from 
Lemma |3.3j that this map is in fact an isomorphism. That is, we have 

(3.4.2) x (A (i) p )e 0+6)C W' — > x x T (2) e a+btC H'. 

□ 



Theorem 3.5. For any Z 0t g r -algebra Z' , the algebras S^(r,r;Z') and 
S^(r,r; Z') are Morita equivalent. In particular, this Morita equiva- 
lence holds in the linear prime case. 

Proof. It suffices from the definition of these algebras to prove that, 
for any A G n 2 (r, r) with |A^| > 0, every direct summand of x x TC' gr 
appearing as one of the terms on the right in (|3.4.1|) is isomorphic to 
a direct summand of x^H! gr for some /x G n te (r, r). To see this, we 
take a direct summand x x T (2) e a+btC Tl' of x x TC ' . By the isomorphism 

(|3.4.2| ), we see that the summand is isomorphic to x ( X m ^^e a+b)C H' gr . 
Now, if we take ft = (A^, /3, 7), then, certainly, Xf/H' has a direct 
summand isomorphic to x ^ X (i) p^e a+bfi T-L' gr . □ 

The type D case. We now turn to the type D case. As in §2, we view 
H as a subalgebra of 7ii >q . Let g r = ^YYj^ii^ + 1) = ° m °r(l,g) and 
let Z gr be the ring obtained by localizing Z at g r . We shall consider 
the algebra Ti gr = H ®z Zg r and define the elements v a>b = fr a (T Wa b — 
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Tf{ Wa b ))^bi where / is the flipping map. Some of the properties of the 
elements v a ^ are known from fl5|]. Since the proof in fl5|, 3.3] uses 
dimension comparison, we include a more general proof below. 



(a) v Q 



Lemma 3.6. Let a, b be non-negative integers. Then:- 
[l + T S0 )v a:b , ifa>l, 
v a ,b{l ~ T so ), ifb>\. 

(b) V a ,bH{&(a,b)) = T-t{&(b,a))Va,b- 

(c) If a>l and b>\, then v a>b (T Wba - Tf Wba )v a ^ b = v af) z for some 
central element z of H(&(b,a)) ■ Moreover, z is invertible in Hg r . 

(d) V a ,r-Jigr — V r -a,aHg r Hg r -module. 



Proof. The statement (a) follows from a direct computation (see [12, 
1.8]). (b) is |T5|, (1.14)]. To see (c), we use (a) to have 

(1 + T S0 )v atb (T Wba - T fWba )v a}b 

= v a , b (l — T So )T b ^{T Sl — T SoSlSQ )T b+ i t 2 ■ ■ ■ T a+b -i )a v a)b 

= V a ^ b T bi 2{l — T SQ )T S1 (1 + T S0 )T b+ i t 2 ■ ■ - Ta+h-i^Va^ 

= v a>b T Wab v a>b = v a:b z = (1 + T so )v a>b z by g (3.23)], 

where Tj yi = T s . ■ ■ - T Si for j > i. Canceling (1 + T SQ ), we obtain the 
requried relation. 

We now prove (d). The result is clear if a = or r. Assume now 
< a < r and let b = r — a. Then 

n a (T Wab - Tf Wab )v b , a H gr = v a ,b{T Wba - T fWba )jT a H gr 

2 v a ,b{T Wbia - T fWb a )v ayb Hg r 

= v atb zH gr = v a ,bH gr by (c). 

So the inclusion has to be an equality, and the required isomorphism 
follows. □ 

Theorem 3.7. For any Z gr -algebra Z' , the algebras Sg' 5 (r,r; Z') and 
S^(r, r; Z') are Morita equivalent to the algebra S^ 5 (n,r; Z'). In par- 
ticular, this Morita equivalence holds in the linear prime case. 

Proof. We first look at the Morita equivalence between ' 5 and S^ 5 . 
Since Tj; 5 ^ Tj,|^, Q21|) and (ftXIQ holds when restricted to H', it 
suffices to prove that any direct summand appeared in ( |3.4.1| ) is iso- 
morphic to a direct summand of T^; 5 . Equivalently, by ( |3.4.2|) , we only 
need to prove that, if a + b = r and a, [3 are compositions of a, b 
respectively, then we have an ^-module isomorphism 

(3.7.1) x^e a>b H' gr = X(0 ja) e b>a H gT . 
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This is certainly true if a = since 

%,/3)eo,rWj r = (1 - T So )xp7C r H' gr = %^0,r^ r 

= (1 + T S0 )xp7c r H' Sr = x {l3fi) e rfi n'g r . 

Assume now a > 1. Recall from || 3.27] that e aj h = v a ,bZa,bT Wba , 
where z a ^ is central in T-i'(&( a) b)), and invertible in 7iC . Write e a> b = 
v a ,bZ a ,bT Wb a . Then e a h commutes with the elements of TC(& a ,b) (|3-6|b), 
and e afi = (1 + T so )e a>b . Thus, 

X(a,!3) e a,bft'g r = (1 + T S0 )x( a ^e a)b H' Sr = X( at/3) e a)b H'g r 

We need to deal with two cases: a = 1 and a > 1. If a = 1, then there 
is no T S1 involved in x ( i i/3) and so l/^^ ^x^) = /(%,i))T /Mr 
Since 7r a T Sl = 7r a T u for all a > 2, we have 

^r-l(^to r -i,i ~~ Tf Wr _ 11 )x^i^Vi )r ^iH' gr 



"r-1,1 " 



which implies ( 3.7.1|) in this case. 

Finally, if a > 2, then, by symmetry, we may assume that b > 2. 
Noting fr a T sl = fr a T u again, we have 

^( T «- 6 , a ~ T }Wb a )x^p)V ai bii'g r 

= Kb(x(J3,a)T Wbta - Tf Wba f(x( a;/3 y))v a>b TL' Sr 

= TTb(X(p, a )T Wba - /(Xfaa^TfaJv^bH'fr 

= X(j3,a)Kb(T Wbia - Tf Wb a )v a ,bH' Sr 
= X(l3,a)Vb,ang r , 



which implies Q3.7.1 



We now prove the Morita equivalence between S^ 3 and <S*' 5 . Since 
7^? = T^\-fii (|2.6| (1)), the proof above together with an argument 
similar to the proof of (|3.5| ) shows that, when T^? and T^; 5 decompose 
via ( p. 4.1 ), they have the same direct summands (up to multiplicity). 
Therefore, the requried Morita equivalence follows. □ 

Remarks 3.8. (1) We point out that, in the type B case, results || 
(4.17)] and [|ll], (7.6)] give an interpretation of the g-Schur te algebra 
in terms of g-Schur algebras, effectively making these algebras quasi- 
hereditary. However, such a result as 0, (4.17)] is not available in the 
type D case, even with the linear prime assumption, so that ( |3.7| ) is new 
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in this case. Together with (|7.4j) below and a result [11], 7.15] of Gruber- 
Hiss, it implies that the g-Schur to algebra is also quasi-hereditary under 
the linear prime assumption. See Remark [7.5[ b below. 

(2) Theorem [3[7| does not give a Morita equivalence between S^ 3 and 
S^ 3 ' (see (p.6|(2))). It can be checked that such a Morita equivalence 
exists for group algebras, but with a proof involving, when r is even, 
non-parabolic subgroups. So there is no obvious "g-analogue" , and we 
do not know if it exists, when r is even. We point out that, without 
such a Morita equivalence, result [ IT , 7.17] holds only for the g-Schur to 
algebra in the type D case. 



4. HOM SPACES BETWEEN X\H! AND y^H' 

We shall assume Ti' = Ti.' q until further notice. (We do not assume 
go = 1 in the next three sections.) From Lemma E?.10| (a), we see that the 
study of the Horn space Hom^/(x^7i', x^TL') is important. In particular 
we need the base change property 



Hom H (x^, Xf/H) <g> Z' = Hom W /(xJW, x^W) = x^W n H'x v x 



A- 



which eventually gives the homological property Theorem ^]4| below as 
described in [|7|, (1.2.9-10)]. We need some preparation in this section 
and the next. We first look at the intersection n a TC' D TC'^. 

Lemma 4.1. For any non-negative integers a, b with a + b < r, the set 
Ba,b- '■= {^aT x Tr^ \ x G T>® } forms a basis of the Z' -module n a T-t ! 7i^ . 
Moreover, we have B a> b- = {n a T x 7i^ \ x G T> Wtl) w 6 }\{0}. (That is, every 
ir a T x 7i^ is either zero or a basis element.) A similar basis B a - t b may 
be constructed for i^~ r H!'K\ ) - 

Proof. We first prove that the set generates 7r a 7Y'7r^ . Clearly, 7i a TC'n^ is 
generated by ~K a T w ^ ( w £ W). If w = xdy with x G W a , y G W& is the 
Howlett decomposition, then n a T w 7i^ = naTxT^TyTi^ = -n a h{l 
for some h x G H'{W a ) and h 2 G H'{W b ). By |, 2.2.7], we have 
h{Fjhi = J^zev^ u a zT z . It follows that naTi'it^ is generated by 



{n a T w TT b } weVwa , Ub - Suppose now that d G V Ua ^\DP, aJUb . Let d = udv 
be the right distinguished decomposition (|| §2.3]), where d G T>& a ^ h . 
Then s G C^nC^, since C^nC^ = C^nC^. Thus, (l+T S0 )T d - = 
T d -(1 + T SQ ). Therefore, n a T d 7r b = T u -K a TgK h T v = 0. This proves that 
Ba,b- generates TTaH'n^ , and the last assertion follows. 
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We now prove that the elements of B a ^- are linearly independent. 
Assume h = y~L cT > OLdFaTdFl = for some ad G Z' . Since 

T t si.,. tla T d T t e a+1 t e a+b e H'(W a dW b ) := V Z'T W {e t G {0, 1}), 

w£W a dW b 

we have = pr^h) = J2 x ev° a u nw a dw b a ei?r<#W" = °> where pr d is tne 
projection onto 7i' (W a dWb) ■ Now, by a further consideration of the 
projection onto H'(W a dWb), we see that all a x = 0. This proves the 
linear independence, and hence, the lemma. □ 



Corollary 4.2. For any non-negative integers a, b with a > 1, the set 
{^iTZ^TyWar-iTZTZT^ | y G V^^ej G {0,1} Vj, 

devl^ b \(vl +uWb ut a+1 vl +u J}. 

is part of a basis for ir a -{H! . 

Proof. Let t = ^C+i- We see by writing t = gz, where z G W a+ i 
and g G tW a +i is a distinguished left coset representative, that, for 
any u G W a+ i, if T x appears as a term in T t T u (i.e. with non-zero 
coefficient), then x = tx' for some x' G W a +i- So n (cx) = n (c)+no(x) 
for all c G C^ a _ x . By Lemma |Q|c , we have x G T> Wa _ x D W 0+ i. For u> G 
D° t , let w = uwv be the right distinguished decomposition with 
w G VFa+iwWfe distinguished (for parabolic subgroups). Recall from ||, 
(2.3.1)] that v G W b . Also, since C™ a+1 nC u , = 1, the distinguished 
left decomposition u'wv' of xu) has v' G Consequently [§, (2.2.5)], 
G ^jj- On the other hand, since x G 2?oj _i fl W^+i, we find 
xw G ^ a _ 1 . (Write x = x±x 2 with x 2 distinguished in W a -\x, and 
apply 1, (2.2.7)].) Then 

TtT w (TfTy^jT^Ty ^ c^xTxwT v a Tf w -\- ^ ^ {3 Z T ZJ 

xeT> u , a _ 1 nW a+ i tw<z 



where all z G T>^ a _ x ^ h by || (2.2.7)] again. Since vr a _ 1 T z 7r 6 = for 
z 4. V°, , ... we have 



-l,t«V 
7T„ 



A similar argument shows that this is also true for t = s a 3 t a 4 and 
w e ^Sc^A^+i^UWi^+i,^)- Therefore, the given set is linearly 
independent and can be extended to a basis for vr a _ 1 7^'7r^ by Cor. [L^ 
and Lemma 14.11. □ 
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We now can show that the intersection 7r a 7i' PI 'H'^ is free. 

Theorem 4.3. Assume that go + 1 is not a zero divisor in Z' . Then, 
for any positive integers a,b < r, we have 

In particular, if a + b > r, then the intersection is 0. 

Proof. We apply induction on a. Note first the elements, T w ir b ,w G 
T>~\ form a basis of H'ti^ as in (the proof of) || (3.2.2a)]. Now let 
a = 1 and consider h = J^wev 1 a wT w it b G ~K\H! '. We have T SQ h = q Q h. 
For w G write w = uwv with w G (so)wWb distinguished and 
u G (sq), v G Wb, and put V(w) := (sq) w fl Wb, a parabolic subgroup. 
Then T So T^, v 7T b = -T^ v -K b if s o G V(w). Thus, 



Ts h — ^ ^ ot w T SQW Ti b -\- oi w T SQ T w 'K i 

SQW>W S(jW<W 



SQW^b 



SqW>W SqW>W 

sqGV(w) s £V(w) 



SQW^b 



SQW<W SQW<W 



Note that the last equation gives T So h as a linear combination of basis 
elements T y ir b ,y G "D~\ Thus, equating the coefficients of T w ii b in 
T So h = q h, we obtain that 



(1) if s w <w,s ^ V(w), then a SoW + (q - l)a w = q a 

(2) if s w < w, s Q G V{w), then (g — l)a w = qoa 

(3) if s w > w, s G V(u;), then -a w + qoOt SQW = q a. 



w t 

'ui • 



There is a fourth case, but we do not require it. From (2), we have 
a w = 0, for s w < w,s G V(w). By (3) and noting that g + 1 is 
not a zero-divisor, we have a w = 0, for s w > w,s G V(iu). Thus, 
«s «) = = for all w with so G V(iu). From (1) we see that 
«s w = a w f° r & H w with so G" V(iu). Therefore, /i can be written as 
(1 + T So )h'n b = 7Ti hlit^ for some hi G W, proving the case for a = 1. 

Assume now a > 1 and 7r a 7i' fl 7Y'7r^ = Ti a 7i'-K b . Then, T Sa ii a TC' fl 
HV^" = T Sa 7r a TC'7T b . We first prove that the result holds for a + 1 with 
a + 1 + 6 < r. By @, (4.1.2)], we have 7r a+1 ft' = 7i a H' n T Sa 7i a H'. Thus, 
by induction, we obtain 

(4-3.1) 

TT a+ iH' fl W'7T b = 7T a 7^' fl T Sa TT a H' fl WVj, = TTgH'^b ^ T Sa 7t a H' '. 
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We need to prove that 

T^aH'^b n T Sa n a H'n b = n a+1 H'n b . 

The inclusion "D" is clear. Suppose h G HaT^-'^b ^ T Sa Tt a 'H'ii b . Then, 
by Lemma O, h = 7T a /ii7r^ = T Sa 7i a h 2 n b where ft, a = ^L^o a ^ 

and /z 2 = ^2 vGV o (3yT y . So we have (ir a hi - T Sa 'K a h 2 )'K b ~ = 0. Since 

7r a+1 7i' = ii a TC' r\T Sa 7i a TC' , if we could prove that h = "K a h\—T Sa ix a h 2 = 
0, i.e., h' = n a hi = T Sa n a h 2 , then we would have h' G ir a+ iH', and 
therefore, h = h'n b G -K a +iH ! ^b , as desired. So it remains to prove 
ho = 0. For simplicity of notation, we put D = V° a ^ b \(V° a+iAxJb U 
t a +iK a+1 ,J and B = B 1 UB 2 where 

B l = {T x ,T t T x ,T ta+1 T x ,T ta T ta+1 T x \ x G ££ a+lM J, and 
5 2 = {T d ,T ta T d ,T Sa T d ,T Sa T ta T d \deD}. 



Since a > 0, Cor. [O] gives the linear independent set B = 7i a _ 1 Bir b in 
7r a _ 1 7Y / 7r^. Write 

^tt^s = Tr^T^ 1 + T t > 2 = Tr^g^A + T s T ta h 2 ), 

and 

Since y G X>£ 0+1>Wti implies s a y, s a t a+1 y,t a+1 y G {l,t a ,t a+ i}^ o+liH (see 
Lemma |l.l| b), and d G D implies s a d G s a -D, we see that T Sa h 2 is 
a linear combination of the elements in B. Likewise, T s T t T y (resp. 
T Sa T ta T ta+1 T y ) is a linear combination of T ta+1 T W (resp. T ta T ta+1 T w ) 
with to G T>°, , , , and T s T t T d is a linear combination of the elements 
in S 2 - Hence T Sa T ta h 2 is a linear combination of the elements of B. 
On the other hand, ir a hi = n a -i(<l a ^ 1 + T ta )h\ and (g a_1 + T ta )h\ is a 
linear combination of the elements of B. Therefore, we see that h is 
a linear combination of TT a _iT w with w G -B. Since i3 = 7r cl _ 1 i?7r^ is a 
linear independent set, it follows from hoir^ = that ho — 0. 

Assume now that a + 6 > r. Then 7i a+ iH'n b = by 0, 3.2]. We 



need to prove that 7r a+1 7f' D = 0. By ( L3.1|) , it suffices to prove 

that tToT-L'tt^ fl T Sa 7i a H'n b = if a + b = r. Let be the (unique) 
distinguished W a -Wb double coset representative with the trivial in- 
tersection property: Wa a,b fl Wb = {1}, as given at the beginning of 
§3, and let n(a, b~) = n a T Wab n b (cf. footnote 5 below). Then, by || 
3.11], -K a 7i'-K b = 7i / (W / ( aj b))7r(a, b~). Now the linear independence (see 
II 3.15]) between bases B = {T w ii(a,b~) \ w G W( a ,b)} f° r ^a^-'^b 
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and T Sa B for T Sa ir a 'H''K h ~ implies that the intersection is trivial. This 
completes the proof of the theorem. □ 

We have the following generalization which has been known for par- 
abolic subgroups. Recall the definition of y\ in Remark |2.2| c. 



Theorem 4.4. Assume that both go + 1 one? q + 1 are not zero divisors 
in Z' . For bicompositions A,/i of r, we have X\H! PI Ti-'y^ = x\H'y^. 
Moreover, this intersection is Z' -free with basis {x\T w y^ \ w G ^LJ- 
A similar result holds for y\H' D TC'x^. 

Proof. Clearly, we have x\H! fl H'y^ ~D xxHly^. Applying [|, (4.1.3)]^ 
and Theorem |4~3] , we obtain x\H' fl H'y^ = x\H! fl Ti-'y^ fl ir a H'TT b . By 
|| l.lh], we have X\H! fl = x\H'y^ since both and are 
parabolic. (This requires that q + 1 is not a zero divisor.) Suppose h G 
x\H'y^n a 'H''K b ~ and write /i = J2 w evo a w n a T w ii b . Then, T^/i = qh 

and hT t = —h for all s = Si G Wa and t = Sj G W^. Since we have 
sw,wt G Z>°, , , whenever w G , , (see Lemma II. lib), it follows from 



Lemma [O] , for /i' = ^2 wGV o Qt w T w with /i = 7r a /iV b , that T s /i' = qh' 
and /i'T 4 — —h! for all s = s, 6 Wa and t — Sj G W^. Therefore, ft/ = 
S«,ex>° nP o a w x x T w y^ and /i = ]Cu, e x>° nz>° ® w X\T w y^ proving 
the first assertion. Since _ fl X>°, ,, = £>'?„, the basis assertion 
follows immediately. The final claim may be established by applying 
the standard anti-automorphism T w \— > T w -i. □ 



Corollary 4.5. Maintain the notation above and assume that both qo + 
1 and q + 1 are not zero divisors in Z' . Then B.om^i(y fJ T-C',Xx'H') is 
free and 

Rom H , (y^H^XxW) = x x H'y^. 
A similar statement holds with the roles of x\ and y M interchanged. 

5. Induced bistandard bases 

Throughout the section, we assume a + b = r and qo + 1 is not a 
zero- divisor in Z' . Recall from the proof of Theorem |4.3| that w a ^ is 
the (unique) distinguished W a -Wb double coset representative with the 
trivial intersection property. 

Lemma 5.1. If a + b = r, then T>® a = W a w aib W b . 

4 If we put q So = qo, q Si — q for 1 < i < r — 1, and define for w £ W, 
Qw = Qs il ■ • • qs im ; where w = Sj 1 • • • Sj m is a reduced expression, then the ring 
homomorphism on Ti' sending q s to q^T 1 and T w to (— l)^ 10 )^!^ will interchange 
x\ with Thus, H (4.1.3)] holds for and also for H'y\. 
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Proof. Let w G T>^ , and let w = udv be the right distinguished 
decomposition of w with d G W a wWb distinguished. Since C% fl C Wb = 
{1}, it follows that no(t\ ■ ■ ■ t a dt\ • ■ ■ t b ) = a + n Q (d) + b > r, and hence 
n (d) = and d G W 7 . Since d is distinguished and 

{(l)d,...(a)d} = {6 + l,...r}, 

we must have d = w a ,b- The rest of the proof follows immediately from 
the trivial intersection property of w a ^ b . □ 

Put 7r(a, ir) = TT a T Wa b TTfr and 7r(cT, 6) = 7r~T Wa >b 7r 6 ,Q and write = 
W(W m ). The latter may be regarded as the image of W under the 
obvious (-E'-module) epimorphism h i— > ft, from W to 

Corollary 5.2. If a + b = r, then 7c a Ti.'7i b has basis {T u n(a,b~)T v \ 
u G W 7 ^^ ^ Wfc}- ^ similar result holds for 7r~7iV fc . In particular, we 
have ir a Tl'irfr = li! a i\(a, b~)H b and ■K~7i'-n b = 7Y„7r(a - , b)H' b . 



Proof. Immediately follows from Lemma ^J] and the lemma above. □ 

For partitions a,/3 of a, let H'^ 13 = x a 7i ! a fl li! a xp. This is a free 
^'-module. 

Theorem 5.3. Let A,/i fre bicompositions ofr such that \\^\ + \fx^\ = 
r. Then 

x\V! n W% = K A(1) ^ (2) 7r(a-, b)-R!^\ 
where a = \\^\ and b = \fi>^\. 

Proof. We first note that w a>b G W^ b )W a ^W( b , a ) is distinguished and 
W™ a % = W( b , a) . Thus, we have 

x x H'(W {atb) )iT(a~,b) = x A (i)H>(a _ ,&)i A( 2)K = ir(a~, b)x x *H'{W( b>a) ) 
for all A with \X^\ = a and \\®\ = b = r - a. Thus, by @, (4.1.3)] 



and Thereom [4.4| (applying r\ if necessary), we have 
(5.3.1) 

= {x\tl' n w'tt 6 ) n (7r~W n ft'x M ) = x^'tt 6 n n^n'x^ 

= (x x( i)H' a 7i(a~,b)x X (2)H' b ) n (H^x^n^ ,b)H' b x flW ) 

By Corollary |BT2l , we have clearly that, if hi7r(a~, b)h 2 = h[n(a~ ,b)h' 2 , 
where hi G x X (i)H' a , h[ G H' a x^(2), h 2 G x X (2)H' b and G H^x^i), 

then /ij = ^ and h 2 = h' 2 . Thus, h x G H' a xW ^ , h 2 G H'^^, and 



5 We use superscript to indicate the "minus" part. The notation n(a, b ) is 
denoted by v a ,b in 01. 
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consequently, we have x v x H'f]H'x^ = 'H'^ m ^ 2 ' V(a , b)H' b X< \ proving 
the theorem. □ 

The theorem above guarantees the existence of a Murphy-type basis 
for the intersection x^H! H Ti'x^. We are now going to describe this 
basis. 

Recall from [TJJ] the Murphy basis {x^ t := Tg^-iXpTs^)} °f ^' a i 



where s, t are standard /3-tableaux for all partitions (3 of a and 5(u) is a 
distinguished right ©/j-coset representative defined by u. Let T s (/3) de- 
note the set of standard /3-tableaux, and let, for a G A(n, r), T ss (/3, a) 
be the set of semi-standard /3-tableaux of type a. These have all been 
generalized to bipartitions and bicompositions in || §1]. Thus, for 
A G n 2 and /i G n^", the corresponding sets are denoted by T s (/i) 
and X ss (/z, A), respectively. We refer the reader to |], §1] for the no- 
tion of standard and semi-standard bitableaux. Recall also from || §1] 
the (5-function which takes a standard (bi)tableau or a semi-standard 
(bi)tableau to a certain distinguished coset representative in W and 
the function f (resp. f) from T s (f3) (resp. T s (/i)) to % ss (f3,a) (resp. 
X ss (/i, A)). We shall denote by T s (resp. T s ) the inverse image of s 
under f (resp. f). 

Murphy basis induces a basis (see []14j] and 0) m a si for the module 



H'^ 13 , for any given compositions a, (3 of a, where s G T ss (7,a), t G 
X ss (7,/3), and 7 is a partition of a. Note that the basis element is 
simply a sum of certain Murphy basis elements: 

seT s ,teT t 

We have immediately the following. 

Theorem 5.4. Let A,/i be bicompositions ofr such that + = 
r. Then the set 3^\-,^ = { m s 1 t 2 7r ( a_ ' ^) m s 2 ti}> where a = \X^\, b = 
and {m" it J and {m b S2li } are bases for H'^^ and 7i' h X >M< ; 
respectively, forms a basis for x\7i' PI Ti'x^. In particular, the Murphy 
bases for li! a and H' b induce a Murphy type basis 34- ,& = X,- f°r 
n-H'n b = H' a n(a~,b)H' b . 

The bases for x\TL' C\7i' x ^ are constructed by using the Murphy 
type bases for the type A intersections 7-L' al3 . However, we are also able 
to construct them directly by using Murphy type bases X\ ttl , defined in 
and called the bistandard bases, for the type B intersections x\H' R 
TCx^. We will see that such a construction gives us certain homological 
properties required in stratifying an endomorphism algebra. 
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Let y a>b - = v{y a -,b) and n v = {XeU 2 \ |A (1) | = a}. Then 

y a , b - = {x a Sit n(a,b-)x b S2t2 | s^t, G T s (z/W),z/ G II+J. 

replacing n(a, b~) by 7r(a~, b), we obtain [Va-,&- We shall call the bases 
y a fi- and y a -£ induced bistandard bases. 

Recall from || §5.2] the bistandard basis of x\H! fl Ti'x^. 

= {x» t | v g nj,s g < r ss (i', a), t g x ss (^)}, 

where X£ t = X] seTs)t6Tt ^5(s)- ia; ^(t)- Since T ss (z/,^ ) = T s (z/) where 
c^o = (— , l r ), the set 

x Xm = {x^ | v g n^,s g r(M),te t»}, 

respectively, 

^ ,M = Wt I " e n+ t g T ss (z/, M ), s g t»} 

is a basis for a^H', respectively, for H'x^. 

Theorem 5.5. Assume a + b = r. We have that y a -,b = ^o,^\{0} 
and y a ,b- = X^^oTtbXiO} form bases for Tr~T-C'TCb and •n a 7l'ir b ~ , respec- 
tively. 

Proof. We prove the first case. The second case can be obtained by 
applying the involution i : T w i — > T w —i to the first. Since X^ t = 
SteTt Ts( s )~ lX uTs(t), we have by Lemma [Q]7r~X^ t = whenever 



b = r — a, or = b and 6(s) 1 T^t a ^ b - Assume now 7r a Xg t 7^ 0. 
Then li/^l = b and tf(s)- 1 G 2>° (J . 

We now note that, if t = (ii, t 2 ) G T ss (z/, u b ), then, by the defi- 
nition m (1.2.2)], ^ is semi-standard and contains a z/^-tableau of 
type (l b ). Thus, l^ 1 - 1 ^ = b forces that ti is a standard -tableau, 
i.e., ti G T s (u^). Therefore, the set % ss (v, ojb) can be identified with 
T s O«) x T s (isW)w a: b- So |T t | = 1 and, for t G X ss (z/, u b ), s G T s (i/), 
A st = EteT t ^st = X"t where t = {t} = {(t 1; t 2 w a , b )}. On the 
other hand, since = W a w at bWb by Lemma |5TT| , it follows that 

6(a) = 6(s l )w bia 6{s 2 ) for some (si,s 2 ) G T s (z/ (1) ) x T s (z/ 2 )). Therefore, 
we have 

- (T S [ S2 )-ix u (2)Ts(t 2 ))^(a, b~)(T 5 ( Sl )-ix u (i)Ts( tl )) 

= <t 2 7r ( G ! r ) a; s 1 t 1 > 

proving the inclusion 7r~X Uo iW(i \{0} C 3-a-,&- The above relation also 
proves that 3^a-,b is a subset of 7r^X UQjUb , hence they are equal. □ 
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For v G n+ a , let T' a (v) = T s (z/«) x t s (u^)w b , a - Then T s a (v) is the 
subset of T s (z/) consisting of all standard ^-bitableau t = (ti,t 2 ) such 
that ti has entries 1, 2, • ■ ■ , a. 

We put, for A G IT 2ia , 

Z s a s (u, A) = {s G Z ss (u, A) | T B C T»} = f(T»). 
Corollary 5.6. We have for A G n 2a and /i G IT 2j ft 

= {tt-A^ I i/ G 11+ ,1 G 3?'(i/ )A i),s e T»,*(s) G P° bM J, and 

y\-,u> b = viXxtjjnbXio} 

= { V (X^)n | v G n+ a , 5 G Z s a s (v, A),t G T»,*(t) G p° aia J. 

Proof. First, using an argument similar to (|5.3.1|) , we see that 3^- „ f= 
tt~X^ ^. Suppose G A^ 0iM . Then, by a similar argument as above, 
tt-X^V implies that ^(s)- 1 G £>° a ^ b and v G 11+,. Thus, ^(s)- 1 = 
5(s2)~ 1 w a ,bO~(si)~ 1 for some s, G T(i/W). On the other hand, since 
v G II+ 6 , we have T t C T s b (u) and so t G 1 s b s (v,[i). Therefore, by 
(|5.3.1]) , one sees easily that vr~Xg t G y w - . □ 

For any bitableau u = (ui,u 2 ), define u* = (u 2 ,Ui). Then, * sends 
a standard ^-tableau to a standard i/*-tableau. 

Lemma 5.7. If v e IT+ 6 and t G T£(i/) ; i/ien 5(t*) = w a)6 5(t) G 
£>°, , , , and 

{«V«5(t) | t G T>*)} = {5(b) I s G T»,5(s) G 2^ >a J. 
In particular, we have 

T s b (vy = {s\seT s (v),5(s)eV^J. 

Proof. Write t = (t x , ta^b) for some ti G T s (i/W). Then <J(t) = 
o ; (t 1 )(w bjCl o ; (t 2 )w ai6 ) and t* = (t 2 Wa : b,ti). If t 1 " denotes the standard 
^-bitableau in which the numbers 1, 2, • • • , r appear in the same order 
down successive rows in the first diagram of A and then in the second 
diagram, then 

t"*5(t*) = (t 2 Wa,fe,tl) = (t 2 , UWb^W^b 

= (tf ,t2*)(6(t2)w a ^bS(t 1 )wb 1 a)vj a ^b = t u *5(t 2 )w a , b 5(ti). 

So 5(t*) = w a;b S(t). 

Now the inclusion "C" follows immediately with v replaced by u*. 
Conversely, suppose s G T s (z/) and 5(s) G D% bU - Then 6(s) = 
5(si)w6 >a 5(s 2 ) for some Sj G T(i/W), and s = t v 5(s) = (siw b , a , s 2 ). 



g-SCHUR ALGEBRAS OF TYPE D 25 

So s* = (s 2 , SiWi, >a ) G T|(i/*) and <5(s) = u>ft ia <5(s*), proving the equal- 
ity. □ 

We now have an alternate description of the basis y x - u defined in 



For v G n+ fe , 5* G (z/, A*) and t G (v, //), let 

z st = E n a x st 



seT s 



Theorem 5.8. We have, for A G n 2)0 , A* n 2) & ; i/ie set 

{z* 1 1/ g n+ ,** g xr(^A*),tG % s {v,n)} 

forms a basis for xjTi' fl Ti'x^. Moreover, it coincides with the basis 



y\-,fi defined in ( \5.4 ) 



Proof. Note first that s G A) is a z/*-tableau of type A (not nec- 

essarily semi-standard) and that, if t G T t with t G 2^ s (z/, /x), then 
t = (ti_,t 2 w ,6) and 5(t) = 5(ti)(w6 i0 5(t 2 )u>a,&) for some t* G T(z/ W ), 
where 5(ti) G &{i,-,b} and w~£5(t 2 )Wa,6 G 6{ 6+ i ) ... (f .}. Thus, t* = 
(t2^a,fc, ti) G T t * and t* G T (V*,//*). So we have 

3rt = 5^ n a T 5(s)-^ b X u T 5{t ) 

seT E ,teT t 

= ^a^(s 2 )- 1 ^ ,65(si)-1^6^^ WM a(t 2 ) Wai6 T'5(ti) 

seT s ,teT t 

^ I 5(sa)- 1 ^ ttl ( ) 5(si)- 1 «; 6 , ^i'*( 7r a ^a,6 7r 6)^,a5(t2)^a,{, r 5(tl) 

s*eT s *,teT t 

= E T H^)- lT w a , b H Sl )- 1 w b!a Xu*^a T 5(t 2 )w^ b TS(t 1 )^b 

s*eT s ,,t*gT l * 

s *eT s ,,t*eT l * 
t*eT t * 

So Z£ G a^W n since x v x H' D = x^'tt 6 n Tr"?^. Clearly, 
the elements Z v si are linearly independent. 

We now prove the spanning condition. Suppose h G x v x TC' fl TC'x^. 
Then /i G x r x H' , Ki ) fl ir^TCx^, and, by Cor. |5^6| , 



2(> 
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Equating the coefficients with respect to the basis y a -,b, we see that 
a s t = @st whenever s e T s * and t e T t *. Consequently, h is a linear 
combination of the elements Z£s. 

To see the last assertion, we observe from the third equality above 
that 

s*eT s *,teT t 

= ( T 5(s 2 )-i^W T 5(t 2 ))7r(a - ^)( r 5(s 1 )-i^(i) r 5(t 1 )) 

s*GT s *,tgTt 

which is an element in 3^a-,^- D 



6. The homological property 

In this section, we will prove the homological property required in 
stratifying the g-Schur 15 algebra. The validity of such property is 
closely related to the existence of nice bases as is seen in where 
a Kazhdan-Lusztig basis was used for parabolic subgroups. We will 
see below that the bistandard basis and those they induce for quasi- 
parabolic groups of type B Hecke algebras are sufficient to guaran- 
tee the homological property. We need some preparation. Recall 
from p, (1.2.1a)] the definition of the dominance order > on bicom- 

positions. That is, A <j \i iff ^^ =1 A^ 1 ^ < Ei=i/4^ f° r an 3 anc ^ 

|A (1) | + Eti A (2) , < + Eti /4 2) for all f. 

For n e n+ b , let n+ = {u e n+ | v > ^} and n+ 6 = {ven+ b \v> 

ji}. Note that 11+ indexes the composition factors of TCrx^, where K 
is the quotient field of Z. We linearly order 11+ by z/(i) d v^ 2 ) d • • ■ 
such that vu\ > implies i < j. Fix an ordering on each % ss {v^, /i) 
and concatenate them via the linear ordering on the uu\ to obtain a 
linear ordering ti d l 2 d ■ ■ ■ d U on U^ 1 T ss (^( i ), /i). Thus, using this 
ordering, the basis X uo ,n allows us to define an integral left (twisted) 
"Specht" filtration for Ti'x^ by setting: 

£? z , = spanjA^ I 1 < j < i, s e T s (z/(t,))}, 1 < i < n„ 

f x — n 

Here ^(tj) is the shape of t,-, that is, the partition whose Young diagram 
is the underlying diagram of tj. We shall write 8% for 8f z . 

Note that the restriction of the ordering on Il + induces an ordering 
V(h) di V(i 2 ) d ■ ■ ■ on n + fe , and hence an ordering d ij 2 d • • ■ d 
t mfl on UjT ss (z/( i:| .), /i). The following lemma is an easy consequence of 
Theorem |5.8| . 
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Lemma 6.1. Let A,u G il + (r) such that |A^| + \^\ = r, and let 

= £qz' — £iz> — ' ' ' — ^n^z' =r M- x ii 

be the filtration defined as above. For each i, let j m (i) ^ e the maximal 
index in the sequence ji, • • ■ ,j m such that j m (A < i. Then x^Ti' n £f 
is Z' -free for every i, with basis 

yx-,,,i = {Zf ] | t G {t jir -- ,t jm J,S* G %i s (v(t),\*)}. 

Proof. Let \\^\ = a and = 6. By the definition above, E? z , has 
basis 

{X^M i < i < M e T>(%))}. 

Thus, 'Ka^tz' nas basis 

| tG {tj 1; --- ,tj m(i) },s* G Tf(i/(t))}. 
Since I'W'n^ = x^W7T6n7r~£^/, it follows from a similar argument 



for Theorem |5]8| that x^W fl £f z , is free with the required basis y\-,n,i- 

' □ 

We will also need the following result which can be obtained by 
applying i : T w i-> T w -i to || (6.1.6)]. 

Lemma 6.2. Keep the notation introduced above and let X, fi G ILj. 
Then x\H' fl zs free with basis 

= {K^ I l<j<i,se X'Xt,-), A)}. 

By taking duals, we turn the twisted Specht filtration E% above to a 
Specht filtration T*: 

= ^JC^C...C^=x M W, 

where 

*J = (Hx./s^y, o < < < rv, 

(compare 0, (5.2.3)]). We define the Specht module 

= n- 

Theorem 6.3. For A,/i G n^(r) and any commutative Z-algebra Z' , 
let a = |A^| and 6 = Tnen frase change defines isomorphisms 

(1) Hom w (x M 7i/J"*,a;A7Y)2' ^ Hom^, {(x^H/T^z', X\Hz'), 

(2) Romnix^H/r^xltyz'^HomnzXixvH/^z^xlHz'), 
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for all i, assuming a + b = r in the latter case. Also, the Z' -modules 
inWUjfl) (resp. \6^(2)) is free of rank = #X\ lfl ,i (resp. r A - )AM = 
ify\-,ij,,i)- Furthermore, for i < j , the natural maps 

(1') Romnix^H/F^xxtyz* -> Rom. H {x ll 'H/J 7 'l,x\H)z>, 
(2') H.om H (x^H/ F^xXhCjz* -> Hom^^W/JP, x v x H)z>, ifa + b = r, 

have Z' -free cokernels of rank r A)/Lt) j — r x ^j (resp. r A - )At)i — r x - ifl j). 

Proof. Since (xpH/J*)* = £^_,, (x x H)* S Hx x (g 4.3]) and (xpiY = 
Hx v x , (1) and (2) are equivalent to showing that base change defines 
isomorphisms 

Rom n (Hx x , £^)z> — > Hom W /(7Y'x A , £&')> an< ^ 
Hom w (?ia;^, Hom W /(7i'a;^, £? z ,) if a + b = r, 

for all i. Since W is a Frobenius algebra over Z' (and thus "injective" 
for 7i'-modules relative to Z'-split exact sequences), we have 

Kom H ,(H'x x , £? z .) S x A ft' n 

etc., reducing the isomorphisms to the isomorphisms 

(x A ft n £/V ^ x A ft' n and (a*W n A a*«' n 



if a + 6 = r in the latter case. Now, Theorems 6.1 and 16.21 have 



established the above isomorphisms, and the first assertion is proved. 

The discussion in the previous paragraph shows that the maps in 
(1') and (2') are determined by the inclusions 

x x H'n£^ z , c x x H'n£*, and xin'n£^ z , c sjw'nf* ^ 



Since the basis described in |6J] or |6.2| for — j is a subset of the basis 
for n M — i, the last assertion now follows easily.. □ 

We observe that the isomorphism (2) in ( |6.3|) holds for a + b > r as 
both sides would be zero in this case. Also, one would expect that the 
base change property in (|B~3|(2)) holds in general, though we do not 
need the case a + b < r. 

We now can apply [0, 1.2.13] to obtain the following homological 
vanishing property. Note that TIk, where K is the quotient filed of Z, 
is semisimple. 

Theorem 6.4. For A,/x G ILJ(r) ; we have for all i, 

(1) Ext^H/^xxH) =0 

(2) Ext 1 H (x,H/Fi l ,xlH)=0 if\X^\ + \^\=r. 
Moreover, both Hom^(jF^, x x H) and Homui^Fi, %\H) (assuming |A^| + 
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2!) 



|^(i) | _ r ^ n ^ e i a n er case) are Z'-free for all j. They have ranks 
- rx,fi,j and r A - iAt - r x -^j, respectively, where r A>M = r AiAtj0 = #V\ ifl 
and rx-,,M = rx-,^,0 = #^a, m - 

Proof. The first assertion follows from 0, (1.2.13)] and the previous 
theorem. 

Next, observe that for any j, Theorem |6.3| implies that Hom-^(^, x\H) 
(resp. Hom^(jF^, x A 7i)) identifies with the cokernel of the natural map 

Romntx^H/F^xxH) -> Hom w (x /J 7i, x x H) 

(resp. B.om-}i(x ^TC / J 7 ^, x n x Ti.) — >■ Hom^(x /i 7^, x v x li.).) Thus, the last as- 
sertion follows from the last assertion of the previous theorem, together 
with elementary properties of distinguished double coset representa- 
tives. □ 



7. Stratifying the g-ScHUR 15 algebra 

We now turn back to the type D case. So we assume in this section 
that H! = TC'i„. We have first the following base change property. 

Theorem 7.1. Let Z' be a commutative Z-algebra in which 2 is in- 
vertible. Then the algebra Sg' 5 (n, r; Z') is free and base change induces 
an isomorphism 

S l *{n,r)z>^S l *{n,r;Z'). 



Proof. For A,/i G II1.5, we have, using Lemma |2.10| c, 

KoT^,{xfi',xxH') = Rom w (x ^H'tXxH' ] H> ) 

S Kom H >(xpH',xxH') © Y{om w {x^n' ,x\YH'). 

Now, the Horn space Hom W /(x At 7i / , x\H') has always the base change 
property by Theorem |6.3|(1), while the Horn space Hom-^/(x At 7i / , x v x ?{') = 
x q x l-L' fl Ti'x^ is if (A 1 - 1 - 1 ! + l/i^l > r (Theorem |4.3| ), or free of rank 
independent of Z' if \X^\ + \fJp^\ = r. Hence the result follows. □ 

With this Theorem, we can determine the structure of the g-Schur 1,5 
algebra immediately when r is odd, at least relative to the g-Schur 2 
algebra. 

Corollary 7.2. Assume again that 2 is invertible in Z' and r is odd. 

Then S^ 5 (n,r; Z') is a centralizer subalgebra of S^(n,r; Z') associated 
to the coideal Uf 5 (n,r) of ILj" (n,r). Hence, it is quasi-hereditary, and 

(7.2.1) Sl(n,r;Z') < Sl*{n,r;Z') < S 2 Jn,r; Z'). 
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Proof. When r is odd, we have always (A^l + > r. It follows that 
Hom-ft/ (x f/H' , x\7i') = 0. Therefore, 

~Rom ni (x \H' , XfjH') = Hom^,(x A 7-^, x M 7r), 

for all A,/i G il 2 , and consequently, S^ 5 (n, r; Z') is a centralizer sub- 
algebra of Sg(n,r; Z') defined by the coideal Il^ 5 . The result follows. 
Note that the left hand inequality has been proved in ( |2.8| ) above. □ 

When r is even, it is very unlikely that Sg' 5 (n, r; Z') is quasi-hereditary 
in general.^ However, it can be integrally and standardly stratified nat- 
urally, using the type B Specht modules nitrations J 7 '. It suffices now, 
by the base change property, to look at the integral case. Recall that 

Theorem 7.3. Let Z' be the ring obtained by localizing Z = Z[g, g _1 ] 
at 2. For any A G II+ 5; let A L5 (A) = Hom^,(5 A ^, Tj; 5 ). Then A L5 (A) 
is Z ' -free and {A L5 (A)} Agn + r is a standard stratifying system for the 
category of S^ 5 (n,r)z' -modules. 



Proof. The freeness follows from the definition of S\ and Theorem O 
It remains to check the Hypothesis given in JF|, (1.2.9)]. 

Let A = n^ 5 (n, r) and define a new order < on A by setting A < [i 
if A <j fi or A <j ji* with X, fi, /i* G A. Clearly, (A, <) is a quasi- 
poset. Let A denote the associated poset. By || (3.2.2c)], we have 
TJ; 5 = © MeA r;®^, where % = x^H' =* x^W. 

For fi G A, f£ has a filtration (see (^)) for which G^J 7 * = S V ^ Z ' 
and u^i > fi if i < n^. Note that this can be replaced by z/ Mii > p. 

For X,fi G A, if Hom^S^/,^') ^ 0, then Rom^ K (f XK , S^k) ^ 0. 
Thus, we have either Ylom HK (T XK , S^k) ^ or Hom WA .(7^, 5*^) 7^ 



by Lemma p.lOj b. The former implies that A < fi, while the latter 
implies that |A (1) | = |A (2) | = = |/z (2) | (thus, /i* G A), and A < fi*. 
Therefore, A < fi. 

It remains to check the homological condition 

Ext 1 ni (x ll n'/J 7 i lZI ,x x n , ) = o 



6 A bad case is r = 4, q = 1, and Z' the localization Z( 2 )- The five ordinary 
irreducible representations associated to the four bipartitions (2;2), (2;1,1), (1,1;2), 
(1,1;1,1) may be shown to have only four distinct 2-modular constituents for <S^' 5 . 
This precludes any integal quasi-hereditary structure compatible with our partial 
order. 
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for all i and A G Ef 5 . However, one sees easily that 

=Ext ^.{xpH'/J*, x x W) © Ext wfaH'/J*, x\H') = 0, 

by Theorem |6.4| . Now, the theorem follows from ]7|, (1.2. 10) (1.2. 12)]. 

□ 

Let O be regular local ring of Krull dimension < 2 with the field K 
of fractions and residue field k. Assume further that 2 is invertible in 
O. 

Corollary 7.4. The decomposition matrix of Sq' 5 (n,r)o contains an 
upper unitriangular block of size equal to the number of irreducible 
modular representations of Sg' 5 (n,r)k- Moreover, if all A(\)k with 
are decomposable, then Sg' 5 (n,r)k is quasi- hereditary. 

Proof. Let A = <S*' 5 (n, r). Since Ak is split semisimple, we may assume 



that O is complete. By Theorem |T3| and 0, (1.2.5), (1.2.8)], A := A k 
has a standard stratification 

= J C J i C ■ • • C J m = A 

such that (1) m = #A; (2) Ji/Ji-i = {A/ Ji-x) e %{-^/ for some 
idempotent with (A/Jj_i)ej = A(A(z))fc. Moreover, there are Aq- 
projective modules P(\(i)) such that P(\(i)) has a A-filtration (see |7|, 
(1.2.4)]) with top section isomorphic to A(A(z))o, other sections A(/x)e» 
satisfying // > A(z), and such that P(A(z))jt is the projective cover of 
A(A(z)) fe . 

Now, if A = A(z) is not of the form (a, a), then A(A(i))/ c is inde- 
composable and Endyi(A(A(z))fe) is a division ring, and hence Jj/J,;_i 
is a heredity ideal of A/J^x- If A = (a, a) and S\o\fi is decompos- 
able, then S\o\-fi a direct sum of two non-isomorphic indecomposable 
modules, and hence, A(\(i))k is a direct sum of two distinct PIMs (of 
A/Ji-i). Thus, in this case, Ji/Ji-x is also a heredity ideal of A/Ji-i, 
and the second assertion follows. 

Finally, if A = (a, a) and Sxo\n a is indecomposable, then A(X(i)) k 
is indecomposable and End^(A(A(i))jt) is a local ring (not a division 
ring!). Note that A(X(i))K is a sum of two non-isomorphic simple 
modules. In all cases, we see that the matrix ((%), where d{j = 
dimHom j 4(P(A(i))x, A(A(j))ic), is upper unitriangular, and hence the 
result follows from (1.1.3)]. □ 
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Remarks 7.5. (a) It is very likely that the odd characteristic condi- 
tion in the main results |7.1| -4 can be removed. To do this we need 
a direct argument for type D parallel to the work for type B in 0. 
For example, when r is odd, results Q7.1J ) and ( |7.2| ) can be proved as 
follows: Put 



\v x nw)u (s v x n W), if |A (1) | > 
v x nw, if |AW| = 0. 



Then one may prove that #£>a, m = where A, fi G TIi 5 and T>\^ = 

V\\~\V^ 1 . By directly constructing a basis for Hom ? ^,( / 7 u / , T{) (compare 
|| (4.2.6)]), one could prove that 

Hom H ,(T;,T A ') = Hom^(T;,T A '). 

Thus, the quasi-heredity of the g-Schur 15 algebra when r is odd follows 
immediately. 

(b) Note that ( |7.4|) applies as well to the g-Schur 2 5 and g-Schur to al- 
gebras in the linear prime case, because of (|3/7|) above. Also, together 



with [11, 7.15], we see that, in the linear prime case, all A(A)fc with 
AW = AW are decomposable. Therefore, by (|7.4j ), the g-Schur L5 alge- 
bra is quasi-hereditary in this case. It is likely that this result always 
holds when the polynomial g r is invertible. 



8. The bad prime case 

A case at "the other extreme" compared with the linear prime case 
(§3) is p = 2, and hence, for finite groups of Lie type, q = 1 taking 
q to be prime power with p \ q. (See the footnote below.) In this 
case, the group algebra of C = (tit 2 , • • • , Mr) has only one irreducible 
modular representation, and is a local ring. (In the linear prime case the 
Hecke algebra behaves as if it had a semisimple subalgebra associated 
to C.) Nevertheless, it is quite easy to find the modular irreducible 
representation of S^(r,r) (or S^(r,r)) in terms of those for S^(r,r) 
(which maybe regarded as part of Sg' 5 (r, r)). For simplicity, we will 
stick to the case. 

To fix notation, we get qo = q = 1 and let Z' be a commutative local 
ring with residue field k = Z'/m of characteristic 2.[| Let S^, denote 
S^(r, r, Z') for some fixed r > 0, and let S\, denote <S*(r, r, Z'). The 
latter is just the classical Schur algebra. 

7 It is interesting to note that "decomposition numbers" for with Z' = Z( 2 ) 
(or any char. DVR with 2 in its maximal ideal), are the same for q = 1 and for 
q equal to any odd prime power. This follows using, say, 0, (1.1.2)] and the fact 
that Sq is split semisimple for each of these specializations of q. 
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Theorem 8.1. There is a natural surjective homomorphism 

n . olD el 

U . u^' — * O '£/ 

whose kernel is contained in the radical r&d(S z ,). In particular, the 
irreducible representations of S^, over k are all obtained from those Si 
by factorization through 9. 

Also, if Z' — > Z" is a commutative local rings, we have the base 
change properties 

Z" ® <S|? = Sf„ and Z" <g> S\, S S\„. 

Proof. Write W = C X W where C is the normal elementary abelian 
2-group (tit 2 , • • • , M r ). If is any subgrup of W, and M is any right 
ZW^-module, then the semidirect product decomposition gives 

Ind|;| M (M) = Ind|;| M (M)®Z'C7 

where the right hand side of the tensor product is regarded as a Z'W- 
module by inflation, and Z'C is regarded as a ^-module with C acting 
by right multiplication and W acting by conjugation. Thus, 

tj? = f z , ® Z'C 

with t£ as in (|2.5|) , and Tz> defined similarly for the classical sym- 
metric group W. Passing to the endomorphism algebras, we have 

S$ = End z , w (fi?) = (End z ,(f z ,) ® Z'C) W 

where the right hand side is the fixed points for an action of W on 
the tensor product. Note that the augmentation Z'C — > Z' is a Z'W- 
homomorphism, split by the natural inclusion Z' = Z ■ 1 C Z'C. If 
I (Z'C) denotes the augmentation ideal of Z'C, then a power of I (Z'C) 
is contained in 2Z'C. The same is true for the ideal 

(End z ,(T z ,)®I(Z'C)f 
of (End z ,(T z ,) <g> Z'C) W S Sf,. The quotient of S^, by the ideal is 

(End z ,(T z ,)®Z') W = S\„. 

This gives the surgective homomorphism 9 described in the theorem. 

The base change properties follows easily from the fact that both 
and Tg/ are permutation modules for Z'W. The proof is complete. □ 

Remarks 8.2. (a) The g-analogue of the homomorphism 9 always ex- 
ists. This is because T z < = vr~7^ (or, in the type D case, T Z i = T^r-T^) 
and 9 is simply the restriction map. In the type B case, we even know 
that it is onto and what the kernel of 9 is. Using the bistandard (or 
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celluar) basis for «S? 3 (n, r; Z') (see ]9|, (6.1.1)]), we see easily that the 
basis elements with |A^| = are sent to a basis for S^(n,r; Z'), 
while those with |A^| > are sent to under 9. The surjectivity in 
the type D case should follow from a direct construction of a standard 
basis for Sf, cf. ($T§. 

(b) The bad prime case for finite groups of Lie type generalizes, at 
the Hecke algebra level, to the case where the factor q + 1 of g r (or the 
factor 2 of g r for type D) is zero in the base ring. However, if q ^ 1, the 
kernel of 9 defined in (b) is not nilpotent in general. For example, in 
the type B 2 case, consider the cellular basis elements at the A = (1; 1) 
level. They are 1 + T So , (1 + T SQ )T S1 , T Sl (l + T So ) and T Sl (l + T 8o )T ai . 
Since 

(1 + T S0 )T S1 (1 + T S0 )T S1 = (1 + TJTI + (1 + T S0 )T t2 

= (l + T S0 )Tl-q(l+T S0 )+7T 2 

= (g-l)(l + T S0 )T Sl +vr 2 , 

We see that the Hecke algebra Ti' has three distinct irreducible modular 
representations, while 71' has only two. It is easy to check that the same 
is true for Sf(2, 2; Z') and «Sj(2, 2; Z'). 

(c) It is resonable to speculate, based on the section 3 and 8, that 
the irreducible modular representations of S^ 3 , in any characteristic p, 
are determined by some of the irreducible modular representations of 
Sq' 5 , at least when q itself is a power of a different prime. In the linear 
prime case, all the irreducible modular representations are required, 
while only those associated to < S^ 5 are needed for p = 2 and 
q = 1. It would be very satisfactory if one could predict just from the 
order of q modulo p just what part of iS*' 5 were required. We hope to 
explore possible general theories along these lines in the future. 
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